Abstract. Sequences of Genocchi numbers of the first and second kind are considered. For these numbers, an approach based on their representation using sequences of polynomials is developed. Based on this approach, for these numbers some identities generalizing the known identities are constructed.
Introduction
Classical Genocchi numbers (G 2n ) n≥1 = (1, 1, 3, 17, 155, . . .) or, as they say, Genocchi numbers of the first kind, most easily defined by an exponential generating function (see for example [5] , [19] ) 2t
These numbers have a big number of applications in different areas of mathematics when enumerating various objects. The most famous applications of these numbers are that they, like Euler numbers, enumerate permutations of a given type [13] . Several works by Dumont et al. (see, for example, [10] , [11] , [12] ) and subsequent works by other authors are devoted to this line.
It follows from the generating function (1.1) that the numbers G 2n are related to the Bernoulli numbers by the relation G 2n = (−1) n+1 2(4 n − 1)B 2n , that, in turn, are determined by the relation t e t − 1 = 1 − t 2 + n≥1 B 2n t 2n (2n)! .
The Genocchi numbers are contained in some numerical triangles. The most classic example is the Seidel triangle, which consists of the numbers g n,j , where j ≥ 1 and 1 ≤ n ≤ (j + 1)/2, defined as follows. Let g 1,1 = 1, and the remaining numbers in the triangle are determined by the formulas g n,2j = q≥n g q,2j−1 , g n,2j+1 = q≤n g q,2j .
In the Seidel's triangle, Genocchi numbers are defined as G 2n = g n,2n−1 . Also, in the Seidel triangle, one can find the so-called median Genocchi numbers or the second kind Genocchi numbers (H 2n−1 ) n≥1 = (1, 2, 8, 56, . . .), namely H 2n−1 = g 1,2n . These numbers, as it is known, also have good applications when enumerating various mathematical objects. Barsky [2] and Dumont [10] proved that the number H 2n+1 is divisible by 2 n for any n ≥ 0 and, therefore, the number h n = H 2n+1 /2 n for n ≥ 0 is an integer. The numbers (h n ) n≥0 are called the normalized median Genocchi numbers. A good exposition of the combinatorial meaning of these numbers can be found in [14] .
Speaking of the Genocchi numbers, we should mention the classical identities involving these numbers. The best known identity is Seidel's implicit recurrence relation
It is known that the Genocchi numbers of the first and second kind are related by
One of the ways to generate Genocchi numbers of both the first and second kind is related to the fact that they can be given as values of a sequence of polynomials determined by a recurrence relation for some value of the argument. The purpose of the article is to develop and apply this approach. Stirling type numbers are involved in the construction of these polynomials; therefore, in the next section, we briefly outline the approach to constructing these numbers. In the section 3, we give two examples of sequences of polynomials determined by the corresponding numbers of Stirling type and show how they participate in the construction of some identities, including the Genocchi numbers. Thus, one of the results of the article is the construction of new identities on Genocchi numbers that generalize known identities. In the 4 section, we present a countable class of sequences of polynomials that uniformly and naturally define a countable class of integer sequences. The first two sequences in this class are the Genocchi numbers of the first and second kind, respectively. The rest of the integer sequences belonging to this class we call Genocchi type numbers.
Stirling type numbers
First of all, let us say about the general approach for constructing Stirling type numbers [4] , in the framework of which two-parameter sets of numbers of interest are determined. Given an arbitrary sequence of numbers (a n ) n≥1 , we define two two-parameter sets of polynomials in the variables (a 1 , a 2 , . . .) by the relations t(n + 1, j) = t(n, j − 1) − a n t(n, j) (2.1) and
with the condition that T (n, 0) = t(n, 0) = δ n,0 and t(n, j) = T (n, j) = 0 for n < j. It turns out that T (n, j) and t(n, j) are symmetric polynomials in their variables. More precisely, they can be calculated using generating functions
Given a suitable sequence of numbers (a n ) n≥1 , we get some numbers of Stirling type of the first and second kind, respectively. For example, the choice of a n = n corresponds to the classic Stirling numbers s(n, j) and S(n, j). In the case a n = n 2 , we get the so-called central factorial numbers [7] , [19] , which we denote as in the general case by the symbols t(n, j) and T (n, j). In turn, if a n = n(n + 1), then we get the so-called Legendre-Stirling numbers [1] , which we denote as Ls(n, j) and LS(n, j).
3. Sequences of polynomials generating the Genocchi numbers 3.1. Gandhi polynomials. A common property of the first and second kind Genocchi numbers is that they can be obtained as the values of the corresponding polynomials F n (z) for some value of the argument. These polynomials are determined by a recurrence relation of the form
starting from F 1 (z) = 1, where f (z) and g(z) are some suitable second-degree polynomials. For example, the numbers G 2n are defined by the Gandhi polynomials [15] , [8] , [18] , which are given by the recurrence relation
The first few of them are as follows:
In the works [8] , [18] it was proved that the Gandhi polynomials are related to the first-kind Genocchi numbers by the relations F n (0) = G 2n and F n (1) = G 2n+2 for all n ≥ 1.
Remark 3.1. Gandhi in [15] actually defined the polynomials A n (z)
starting from A 0 (z) = 1, which are related to F n (z) by the relation F n (z) = A n−1 (z + 1). The polynomials F n (z) defined by the relation (3.1) were used, for example, in [12] .
It is easy to show [3] that the Gandhi polynomials can be represented as
where (z) 0 := 1 and (z) n := z(z + 1) · · · (z + n − 1) ∀n ≥ 1, and T (n, j) are the central factorial numbers of the second kind mentioned above. To prove the representation (3.2), it is more convenient to consider polynomials P n (z) := zF n (z) satisfying, by virtue of (3.1), the recurrence relation
starting from P 1 (z) = z, which can be written in the operator form P n+1 (z) = R (P n (z)) with R := z(z + 1)Λ − z 2 , where Λ is the shift operator acting according to the rule Λ(f (z)) = f (z + 1). To prove the relation (3.2), one can use the easily verified relation
and a recurrence relation for central factorial numbers of the second kind.
In turn, given that F n (1) = G 2n+2 , it is not difficult to deduce from the relation (3.2) the well-known identity [10] , [3] , [19] 
Next, we derive the identity for the numbers G 2n generalizing (3.3).
Proposition 3.2. The values of the Gandhi polynomials for integer non-negative values of the argument are determined by the relation
where t(n, j) are the central factorial numbers of the first kind
We do not prove this proposition here, since it will be proved later for a more general case.
In turn, it follows from (3.2) that
Comparing (3.4) and (3.5), we obtain the following result:
The following identity holds:
for all m ≥ 0 and n ≥ 1.
Remark 3.4. At first glance, for m = 0, the indefinite symbol (−1)! appears in the formula (3.6), but since T (n, 0) = 0 for all n ≥ 1, then in fact in this case the formula is correct and we can write it as
3.2. Polynomials generating Genocchi numbers of the second kind. In [12] (see also [6] ), a sequence of polynomials (C n (z)) n≥1 was defined by the recurrence relation
which starts from C 1 (z) = 1 and it was proved that C n (1) = H 2n+1 ∀n ≥ 1. It is easy to show that there exist polynomialsF n (z) connected with C n (z) by the relation C n (z) = (z + 1)F n−1 (z + 1) for all n ≥ 2. It is easy to verify that these polynomials are determined by the recurrence relatioñ
starting withF 1 (z) = 1. The first few polynomials are as follows:
It easily follows from the relation (3.7) thatF n (0) = 0 ∀n ≥ 2. If C n (1) = H 2n+1 , then it is obvious thatF n (2) = H 2n+1 /2. In turn, using the recurrence relation (3.7), we can calculate the values of the polynomialsF n (z) for any natural value of the argument z. For example, we can writẽ
for all n ≥ 1. We can give a general formula for the values of polynomials defined by the recurrence relation (3.7). where Ls(n, j) are Legendre-Stirling numbers of the first kind.
We also will not prove this proposition, since it is a special case of a more general statement, the proof of which will be presented later.
3.3.
Representation of Genocchi numbers of the second kind through LegendreStirling numbers. Apparently, in [6] was obtained the relation 9) which is similar to the representation (3.3) for the first kind Genocchi numbers with the only difference that the numbers T (n, j) here are replaced by Legendre-Stirling numbers.
Since the representation (3.3) is deduced from the corresponding representation for the Gandhi polynomials (3.2), it is natural to assume that a similar representation also exists for the polynomialsF n (z) and indeed it is.
Proposition 3.6. The polynomialsF n (z) are representable in the form
Proof. The proof of the representation (3.10) is similar to the proof of (3.2). It is more convenient to use the polynomialsP n (z) := zF n (z), which, as can be easily verified, satisfy the recurrence relationP
starting fromP 1 (z) = z. We rewrite this relation in the operator formP n+1 (z) = R P n (z) with the operatorR = z 2 Λ − (z − 1)z. It is easy to verify that
The relation (3.10) implies
Comparing this expression with (3.8), we get is valid for all m ≥ 0 and n ≥ 1.
As a result, we have an identity generalizing (3.9).
General approach
4.1. Polynomials determined by Stirling type numbers. So, we have at our disposal two substantial examples of sequences of polynomials F n (z) defined by the formula
where T (n, j) are Stirling type numbers of the second kind corresponding to some sequence (a n ) n≥1 and satisfying the relation (2.2). Note that for these two examples the sequence of polynomials satisfies a recurrence relation of the form
starting from F 1 (z) = 1, where h(z) and g(z) are some polynomials of the second degree, although in the general case a sequence of polynomials of the form (4.1) not required to satisfy any relations. Taking into account that
where s(n, j) are the classical Stirling numbers of the first kind, we get
For example, we have Here we take into account that T (n, n) = 1 ∀n ≥ 1.
4.2.
Representation for the Genocchi numbers of the second kind. We make a digression and note that using (4.3), we can obtain the following representation for the second kind Genocchi numbers:
Proposition 4.1. The identity
holds for all n ≥ 2.
Proof. Consider the sequence of polynomialsF n (z) corresponding to the number sequence a n = n(n + 1). As we know, these polynomials satisfy the recurrence relation (3.7). From this relation we get
In turn, from (4.3) we getF
Thus, the proposition is proved.
Recurrence relation. Consider the operator
, where f (z) and g(z) are supposed to be some second-order polynomials Proposition 4.2. Let (a n ) n≥1 be an arbitrary numerical sequence. The relation
is true if and only if
and
Proof. On the one hand, it is easy to verify that, by substituting (4.5) and (4.6) into the relation (4.4), we obtain the identity for any n ≥ 1. On the other hand, let
Comparing the coefficients at equal powers of z in (4.4) for n = 1, 2, we obtain a system of linear equations for these coefficients from which we uniquely determine
Clearly, the relation (4.4) for n ≥ 3 uniquely determines a n for n ≥ 3 and we already know that these values are given by the expression (4.6).
By direct calculation it is easy to verify that, by virtue of (4.4), the sequence of polynomials P n (z) = zF n (z) defined by the formula (4.1) satisfies the recurrence relation
(4.7)
with P 1 (z) = z, where the polynomials f (z) and g(z) are determined by the formula (4.5). The case (a 1 , a 2 ) = (1, 4) corresponds to the Gandhi polynomials. In turn, if (a 1 , a 2 ) = (2, 6), then we get a sequence of polynomials defined by the relation (3.7). Note that in both cases the relation a 2 = 2a 1 + 2 holds, and as a result, f (z) − g(z) = z. In this case, the calculation of the polynomials P n (z) using the recurrence relation (4.7) can be performed starting from P 0 (z) = 1.
Genocchi type numbers.
We now consider a countable class of number sequences a (v) n = n(n + v) for integers v ≥ 0. Using the formulas (2.1) and (2.2), for each such sequence we calculate the corresponding Stirling type numbers t (v) (m, j) and T (v) (m, j) and then we determine corresponding sequence of polynomials (F (v) n (z)) n≥1 by the formula
It is easy to see that, by the proposition 4.2, that the polynomials F n (z) can be defined by the recurrence relation
starting from F (v) 1 (z). In fact, these are polynomials of two variables v and z, which can take any complex values. The first few of them are as follows
n (z) for n ≥ 1 are defined by the recurrence relation
1 (z) = z. Let v be an arbitrary complex number. It is easy to verify that the sequence a n = n(n + v) gives the general case of a sequence of the form (4.6) with the condition a 2 = 2a 1 + 2. In this case, f (z) − g(z) = z and therefore these polynomials can be calculated starting from P Let us pay attention to the similarity of formulas expressing identities associated with the Genocchi numbers and the corresponding polynomials. We notice that, in principle, one can write the formulas (3.4)and (3.8) in the form
for v = 0, 1. Moreover, g
n = G 2n and g
n = H 2n−1 for n ≥ 1. First of all, we note that if we suppose that (4.10) is true, then the numbers g (v) n for each fixed v ≥ 0 are defined as Proof. Thus, for each fixed n ≥ 1, the numbers g
n can be calculated as the values of the corresponding polynomial g n (v) := F (v) n (v) for the integer values of the argument v ≥ 0. We need to prove that for numbers defined in this way, the relation (4.10) also holds for the remaining m ≥ 1. Let us denote
n+j .
The numbers ξ (v)
m,n satisfy the relation 12) with the condition ξ
n . From the last relation, in particular, we obtain
n+1 , . . . Let us notice that the relation (4.12) is determined only by the fact that Stirling type numbers of the first kind t (v) (n, j), by definition, satisfy the recurrence relation t (v) (n + 1, j) = t (v) (n, j − 1) − n(n + v)t (v) (n, j). n (m+v)m!(m+v)!. It is easy to make sure that, the last relation holds by virtue of (4.9).
The relation (4.8) implies is an identity for all m, v ≥ 0 and n ≥ 1.
Obviously, the formula (4.13) generalizes the identities (3.6) and (3.12) for the Genocchi numbers and we can consider a countable class of integer sequences (g (v) n ) v≥0 . Unfortunately, the combinatorial meaning of these numbers for integers v ≥ 2 is not yet known. n and g (1) n are the Genocchi numbers. The fact that this is really so we get from what is proved in the works [8] , [18] , [12] .
Proof. Substituting z = v into the recurrence relation (4.9), we obtain g n+1 (v) = (v + 1)F (v) n (v + 1) ∀n ≥ 1. Since F (v) n (v +1) is some polynomial in v, the proposition should be considered proved.
